Light-matter interaction in optomechanical systems is the foundation for ultra-sensitive detection schemes [1, 2] as well as the generation of phononic and photonic quantum states [3] [4] [5] [6] [7] [8] [9] [10] . Electromechanical systems realize this optomechanical interaction in the microwave regime. In this context, capacitive coupling arrangements demonstrated interaction rates of up to 280 Hz [11] . Complementary, early proposals [12] [13] [14] [15] and experiments [16, 17] suggest that inductive coupling schemes are tunable and have the potential to reach the vacuum strong-coupling regime. Here, we follow the latter approach by integrating a partly suspended superconducting quantum interference device (SQUID) into a microwave resonator. The mechanical displacement translates into a time varying flux in the SQUID loop, thereby providing an inductive electromechanical coupling. We demonstrate a sideband-resolved electromechanical system with a tunable vacuum coupling rate of up to 1.62 kHz, realizing sub-aN/ √ Hz force sensitivities. Moreover, we study the frequency splitting of the microwave resonator for large mechanical amplitudes confirming the large coupling. The presented inductive coupling scheme shows the high potential of SQUID-based electromechanics for targeting the full wealth of the intrinsically nonlinear optomechanics Hamiltonian.
Designing, investigating, and understanding the optomechanical interaction plays a key role for tailoring the light-matter interaction and hence for testing quantum mechanics [18, 19] . In addition, optomechanics is also the basis for detection schemes with extreme sensitivity used in gravitational wave detection [1] , mechanical sensing [2] as well as the creation of mechanical quantum states [4, 5] . This potential triggered a multitude of realizations of optomechanical systems [7, 20] including systems based on superconducting circuits, which define the field of nano-electromechanics [3, [21] [22] [23] [24] . Here, the photonic cavity is implemented as a microwave resonator and the electromechanical interaction is typically realized using a mechanically compliant capacitance, which transfers a mechanical displacement into a change of the resonance frequency of the microwave circuit [3, [21] [22] [23] [24] . It was proposed early on that inductive coupling schemes can allow for higher coupling rates than capacitive ones [12] [13] [14] [15] . Only recently, an electromechanical coupling on-par with capacitive approaches was demonstrated by using an inductive coupling scheme based on a lumped-element microwave resonator and a mechanically compliant Josephson inductance [17] . By design, the linear inductance of the resonator was chosen much larger than the Josephson inductance, limiting the coupling strength. Complementary, it was shown that a distributed resonator with an embedded Josephson inductance allows to design arbitrarily large nonlinearities and can be used to realize two-level systems [25] . Here, we present such an inductive coupling scheme based on a Josephson nonlinearity integrated into a coplanar waveg-uide resonator (CPW). For this device we find a magnetic field tunable electromechancial vacuum coupling of up to 1.62 kHz. Moreover, we find a proportionality factor of 3.1 MHz/T, between the coupling rate and the applied magnetic field, exceeding the one reported in Ref. [17] by a factor of 120. In addition, the high coupling rate allows us to detect the mechanical motion with probe powers of 2.7 fW corresponding to an occupation of the microwave resonator with only a few photons. Our results represent a significant step towards reaching the vacuum strong-coupling regime in electromechanics, allowing the investigation of quantum mechanical effects such as single-photon single-phonon blockade [7, 9] , the creation of mechanical quantum states [8] , and the generation of non-classical light [10] .
The nano-electromechanical device discussed here is based on a λ/4 superconducting CPW resonator which is shunted to ground at one of its ends via a directcurrent superconducting quantum interference device (dc-SQUID) (cf. Fig. 1 ). As the SQUID acts as a fluxdependent inductance, the resonance frequency of the microwave circuit becomes flux sensitive. In addition, the SQUID loop is partly suspended and contains two nanomechanical string oscillators. Any displacementx of the strings translates into a change of the magnetic flux Φ threading the SQUID loop and, in turn, into the microwave resonance frequency ω c . The mechanically induced frequency shift can be described by the electromechanical interaction HamiltonianĤ int = g 0â †â (b † +b), whereâ (b) are the ladder operators of the microwave arXiv:1912.08731v1 [quant-ph] 18 Dec 2019 resonator (mechanical oscillator). The electromechanical coupling constant [12, 13, 15, 26] 
scales with the length l of the string, the zero-point displacement x zpm = /2m eff Ω m , and the modeshape γ of the mechanical resonator. Note, that g 0 is tunable as the applied magnetic field B ext and the flux to resonance frequency transfer function ∂ω c /∂Φ, which we call in the following flux responsivity, can be controlled in-situ.
We fabricate the electromechanical system as an allaluminium superconducting circuit using electron beam lithography, double-layer shadow evaporation, and reactive ion etching (cf. Fig. 1 and the SI for details). The SQUID contains two freely suspended mechanical string oscillators as well as the two Josephson junctions. Each string has a length l = 20 µm, a width w = 200 nm, and a thickness t = 110 nm, corresponding to an effective mass of m eff = 0.6 pg. During the device fabrication, we anneal the entire chip at 350 • C resulting in tensile stressed aluminum strings with mechanical resonance frequencies Ω m 6.3 MHz at millikelvin temperatures. Thus, we obtain a zero-point fluctuation of x zpm = 47 fm. The microwave resonator is coupled capacitively at one of its ends to a microwave CPW feed-line, enabling the microwave spectroscopy of the device. The other end, is shunted to ground via the SQUID. In this way, we obtain a flux-tunable resonator with large flux responsivity ∂ω c /∂Φ, which is essential for the realization of a large electromechanical coupling strength.
We start the characterization of the microwave circuit by performing microwave transmission measurements as shown in Fig. 2 . Panel a shows the data as a function of the applied flux Φ (cf. SI for details), where the resonator appears as an absorption signature in dark blue. For a quantitative analysis of the evolution of the microwave resonance frequency ω c , we locate the transmission minimum for each flux bias and plot ω c as well as ∂ω c /∂Φ versus the applied flux in the panels d and e. We find that ∂ω c /∂Φ reaches values of up to 10 GHz/Φ 0 , underlining the performance of this coupling scheme. In addition, the ω c (Φ) dependence allows us to extract the singlejunction critical current of the SQUID, I c = 0.44 µA, and the minimum Josephson inductance, L J = 0.36 nH, at ∂ω c /∂Φ = 0 (see also SI). Recording transmission data for selected flux bias points with higher frequency resolution (as shown in panels b and c of Fig. 2 ) allows to determine the external coupling rate κ ext between the resonator and the feed-line as well as the internal loss rate κ int of the microwave circuit. At ∂ω c /∂Φ = 0, we find a total linewidth of κ/2π = (κ int + κ ext )/2π = 2.5 MHz. Panel f shows κ ext and κ int as a function of the flux responsivity. While κ ext remains nearly constant, κ int increases for large ∂ω c /∂Φ, which is attributed to the increased sensitivity of the circuit to flux noise. How-ever, even at the bias point K, the device remains in the resolved sideband regime (Ω m > κ).
Next, we investigate the mechanical properties including the electromechanical coupling rate. For this experiment, we probe the microwave sideband fluctuations originating from the interaction of the incident probe tone with the mechanics. The probe tone is set to a blue sideband configuration (ω p = ω c + Ω m ) to enable a sensitive detection of the scattered photons [7] . The resulting signal is down-converted with ω p and detected using a spectrum analyzer (cf. SI). Figure 3a shows the voltage power spectral density S UU (Ω) of this signal for a temperature of 185 mK, when the microwave resonator is biased to working point K at ω c /2π = 6.887 GHz with B ext = −470 µT. We find a mechanical signature with a resonance frequency Ω m /2π = 6.343 11 MHz and a fullwidth at half-maximum linewidth of Γ m /2π = 33.6 Hz. In addition, we modulate the frequency of the incident microwave probe tone resulting in a calibration peak visible in panel a at approximately −2 kHz. Similar to Refs. [22, 27] , the comparison of the calibration tone amplitude S UU (Ω mod ) with the mechanical response S UU (Ω m )Γ m /2 allows us to quantify the electromechanical coupling rate g 0 . Due to the specific detection scheme used for this experiment, we need to account for an additional factor Y, which relates the transfer function of the mechanical motion to the transmission function of the calibration tone (see SI for details). From this data, we obtain g 0 /2π = (1.62 ± 0.12) kHz. This value exceeds the highest coupling rate of 280 Hz [11] achieved for capacitive coupling by a factor of 5.8. This large coupling strength allows us to use ultra-low probe powers for the detection of the mechanical sidebands. In fact, we use a probe power corresponding to an average photon number ofn r = 1.6 in the microwave resonator for the spectrum shown in Fig. 3a . At this power level, we suppress backaction induced heating of the mechanical mode. In particular, for the parameters used in our experiment, we estimate an electromechanically induced damping rate of |Γ em = −2.6 Hz| Γ m , resulting in an increase in the thermal phonon occupation by 4% [7] . This contribution is already accounted for in the stated value of g 0 (cf. SI). The background of S UU (Ω) shows the experimental imprecision noise S imp UU of the experiment, which is presently limited by the performance of the cryogenic microwave amplifier used as first amplification stage.
Our calibration technique allows us to express S UU (Ω) as the mechanical displacement spectrum S xx (Ω) (cf. SI for details). Figure 3b displays these spectra for various temperatures. We observe the expected increase in the phonon number with temperature in the form of an enlarged peak area. This manifests itself as an enhancement of the linewidth Γ m with temperature (cf. SI). This behaviour has been observed for aluminum nanostrings and is attributed to the reduced dimensionality (1D) of the phonon mode [28] . In addition, the imprecision noise floor in these datasets fluctuates, most likely due to variations in resonator and detection performance varying for each temperature. The detected displacement power spectral density S xx directly relates to the force sensitivity S det FF via S det FF = 2S xx (Ω)/|χ| 2 [29] with the mechanical susceptibility χ = [m eff (Ω 2 − Ω 2 m − iΓ m Ω)] −1 (cf. SI for details). For T = 126 mK, we find an on-resonance force sensitivity of (S det FF ) 1/2 = 0.70 aN/ √ Hz (0.98 aN/ √ Hz) for a probe tone power of 5.3 fW (2.7 fW) corresponding ton r = 1.7 (0.86) photons. Here, the large electromechanical coupling rate (cf. Fig. 3c ) allows to operate the device at much lower powers compared to capacitive electromechanical devices having demonstrated 0.54 aN/ √ Hz at probe powers of 1 pW [29] .
Next, we investigate the scaling of the electromechanical coupling strength with the applied magnetic field B ext and the flux responsivity ∂ω c /∂Φ, cf. Eq. (1). To this end, we excite the mechanical motion using an oscillatory mechanical force provided by piezo actuators resulting in a controlled oscillating displacement of the nano-strings. Under these conditions, the displacement amplitude is much larger compared to the thermal noise driven measurements and hence much easier to detect. Figure 4a shows the measured resonance frequency shift of the microwave resonator δω c for various flux responsivities using a coherent excitation force at an approximately constant magnetic field of B ext ≈ −440 µT. As the frequency shift δω c is proportional to the product (∂ω c /∂Φ)δΦ, we observe a large δω c for large flux responsivity ∂ω c /∂Φ. Figure 4b summarizes the coupling rates derived from the peak amplitudes presented in Fig. 4 a (dark green triangles) as well as the results of further experiments with a lower piezo actuator drive power (light green triangles) and links them to displacement noise measurements of g 0 (red cross). The data corroborates the predicted linear scaling of the electromechanical coupling with the flux responsivity of up to 10 GHz/Φ 0 .
In a similar fashion, we measure the electromechanical response as a function of the applied magnetic field for a fixed flux responsivity of ∂(ω c /2π)/∂Φ = 6.6 GHz/Φ 0 (bias point K) and present the data in Fig. 4c . Again, we link these data points to the thermal displacement measurements (red circles) and corroborate the linear scaling with B ext .
From Figure 4c , we extract a scaling factor of (3.13 ± 0.20) MHz/T for the electromechanical coupling with respect to the applied magnetic field B ext . This value exceeds those of previous reports by two orders of magnitude [17] . However, we would require B ext > 1 T to reach the vacuum strong coupling regime. This is not compatible with the present device design. Moving to an in-plane field configuration, in combination with a reduced linewidth of the microwave resonator, a higher flux responsivity, and superconductors with higher critical fields the vacuum strong coupling regime is in reach. [14, 15] . Finally, Eq. (1) includes a mode-shape factor γ. With our experimental parameters outlined so far, we find γ = 0.99, which is in good agreement with previous findings [16, 17] . Next, we utilize the high coupling rate g 0 to study the impact of large-amplitude displacements on the transmission function of the microwave resonator. In particular, we set the electromechanical coupling rate to g 0 /2π = 1.4 kHz and drive the mechanical system resonantly using the piezo actuator. For sufficiently large displacements, we induce frequency shifts of the microwave resonator δω c comparable or even exceeding the mechanical frequency Ω m . Then, the transmission of the microwave resonator responds by a splitting of the initial single microwave absorption minimum as described by [27, 30] 
(κ/2) 2 + (∆ + nΩ m ) .
(2) Here, J n (β) is the Bessel function of the first kind and β = g 0 x 0 /x zpm Ω m . For comparison with the experiment, we consider |n| ≤ 14. We fit Eq. (2) to the transmission data for each piezo drive voltage V piezo , as exemplarily shown in Fig. 5b . This allows us to determine the corresponding coherent mechanical amplitude x 0 (cf. Fig. 5c ). We find that x 0 scales with the square root of V piezo indicating that the mechanical displacement entered the nonlinear response regime. Unfortunately, low displacement amplitudes only minimally affect the transmission and hence we do not observe the cross-over between the linear and nonlinear response regime, which would be an independent confirmation of the displacement amplitude [31] .
In summary, we present a device implementing an inductive electromechanical coupling scheme based on a superconducting coplanar waveguide resonator and a dc-SQUID operating in the resolved sideband regime. We demonstrate an electromechanical coupling rate of 1.62 kHz, exceeding values of capacitive coupling schemes by almost an order of magnitude. This high coupling rate enables an ultra-high force sensitivity of 0.70 aN/ √ Hz at At Ωm/2π = 6.343 11 MHz, we observe the mechanical signature with a peak amplitude of SUU(Ωm) = 1.26 µV 2 /Hz and a linewidth of Γm/(2π) = 33.6 Hz. In this experiment, we configure the microwave spectroscopy tone to the blue sideband configuration (ωp = ωc + Ωm) to enhance the readout efficiency. However, we suppress back-action induced heating by using an ultra-weak probe tone corresponding to an average photon number ofnr = 1.6 in the microwave resonator. The sharp peak at (Ω − Ωm)/2π ≈ −2 kHz with an amplitude of SUU(Ω mod ) = 2.56 µV 2 /Hz stems from the phase modulation of the microwave spectroscopy tone (φ0 = 3.94 · 10 −4 ). Combining the information of the mechanical signature and the calibration peak, we find an electromechanical vacuum coupling of g0/2π = (1.62 ± 0.12) kHz. We further show the mechanical displacement density S det xx in panel b for T = 126 mK (blue), 186 mK (green), and 232 mK (red dots) including the Lorentzian fits to the data (solid lines). The peak area scales as expected with temperature via the mechanical linewidth. Panel c shows the spectral force sensitivity S det FF at T = 126 mK for the microwave probe powers as indicated. On-resonance, we reach sub-attonewton force sensitivities even for these ultra-low microwave probe powers. an ultra-low microwave readout power of 5.4 fW, making this device a very promising low-power force sensor. In addition, the maximum electromechanical coupling of 1.62 kHz in combination with the investigated tuning of the electromechanical coupling indicates that this coupling strategy has the potential to reach the vacuum strong coupling regime of electromechanics. Moreover, the tunability of the coupling provides the access to new features of electromechanical systems such as state amplification and readout techniques using the resonator as a parametric amplifier.
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